Abstract. The study presented in this paper deals with the dynamics of a straight supported pipe conveying a harmonically pulsating incompressible fluid flow. It is assumed that the motion is planer and the pipe is normally horizontal, and there is a leakage from the pipe at a certain point and this leakage causes a repeated impulse forces acting on the pipe response. The pipe is fixed by two identical supports of three different types chosen for the sake of comparison. The first two supports are rigid, the second two are of conventional flexible type and are represented by springs and dampers while the third two supports are of Magnetorheological type and are represented by MR dampers. The variation of flow velocity and fluid pressure along the pipe is taken into consideration. The effect of leakage position and its amount on the dynamic performance and vibrations of the pipe is studied. The detection of leak location along the pipe is studied numerically using the spectrum analysis. The influence of supporting type and pulsating frequency on the pipe response is investigated. The effect of input voltage to the MR damper is also taken into consideration.
Introduction
In many situations where machines are operating and fluids are transported, pipe systems are responsible for the transmission of noise, for example in buildings, ships, power plants and process plants. Moreover, pipe systems are a critical factor in the reliability of systems. Excessive vibrations may lead to fatigue and cause damage to vital parts of installations. Fluid pulsations may also cause high vibrations and incorrect reading of flow meters and other control devices. On the other hand, the leakage of fluid from pipes causes impulse forces which cause vibrations acting on the pipe. The monitoring of pulsations or vibrations can be valuable to diagnose malfunction of machinery.
Over the past sixty years' extensive studies have been carried out on dynamic analysis of pipeline systems subjected to supporting conditions and loading.
Notable contributions in this area include the works of Chen [1] and Paidoussis [2, 3] . Nikolie and Rajkavi [4] introduced a dynamic model of nonlinear pipes conveying pulsating fluid with different types of supports. Folley and Bajaj [5] considered nonlinear spatial dynamic characteristics of cantilever pipes conveying fluid. Jensen [6] analyzed dynamic behaviors of vibrating pipe containing fluid subject to lateral resonant base excitation using the perturbation method of multiple scales.
Jeong et al. [7] proposed a finite element model of pipes conveying periodically pulsating fluid and analyzed the influence of fluid velocities on pipe's stability.
Shen et al. [8] studied the band gap properties of the flexural vibration for periodic pipe system conveying fluid using the transfer matrix method. These methods have proved suitable for analyzing flow-induced vibration of certain pipes. Lee et al. [9] studied the transient (water hammer) signals for the detection of leaks in pipeline systems. A pressure transient travels along the system at high speed and is modified by the system during its travel. Also they discussed and provided possible solutions to a number of practical issues associated with leak detection methods of this type, including the impact of the system configuration and methods for detecting leak reflected signals within a transient trace. Shayo and Ellen [10] where concerned with the linear stability of the system composed of a finite, thin elastic tube, replacing a section of an infinite rigid pipe, which conveys inviscid compressible fluid in uniform subsonic motion, by finding asymptotic forms for the fluid pressures. The analysis is based on linearized, potential flow theory, considering the Flügge-Kempner shell equation and Galerkin's method. The relationship between the beam mode and higher mode instabilities was made clear and discussed in some detail. Jan and Andrzej [11] discussed the model of transverse vibrations of a pipe induced by flow velocity pulsation. The motion is described by a system of two non-linear partial differential equations with periodically variable coefficients. The analysis uses the Galerkin method with orthogonal polynomials as the shape functions. The instability regions are determined by Floquet's method.
Chen [12] investigated the transverse vibrations of continuous pipes conveying fluid. A general dynamic three-moment equation was derived including the effects of fluid forces and axial force. The three-moment equation was then used to study the free waves and the response to harmonic pressure in a periodically supported pipe.
Miller [13] pointed out that; there are many locations within a nuclear or fossil power plant where excessive, sometimes violent pipe vibration can exist. These lines are usually handling water with fairly high pressure drop across a valve in the system. The valve as a source of this pipe vibration was reviewed.
Hunaidi et al. [14] stated that, the recovery of water loss from leaks in transmission and distribution pipes can provide a solution, at least partially, to water shortages caused by insufficient water resources and or limited water treatment capacity. They introduced a new, low-cost and easy-to-use system that will help water utilities to dramatically improve the effectiveness of locating leaks in all types, including traditionally difficult plastic pipes. Rousselet and Herrman [15] studied the plane motion of a cantilevered pipe conveying fluid when the flow velocity was in the neighborhood of that generating flutter. In contrast to previous studies, the flow velocity is not prescribed as a constant, but is determined from the laws of motion. The system was modeled as two nonlinear partial differential equations which are coupled through the nonlinear terms. Mostafapour and Davoudi [16] introduced a model of acoustic emission generated by pipe vibration due to leakage. Donnell's non-linear theory for cylindrical shell was used to derive motion equation under simply supported boundary condition. Then, the motion equation was solved by using Galerkin method that resulted in a system of non-linear equations with 6 degrees of freedom. Transform (FFT) was used in the signal analysis. Comparison of the obtained results indicated good agreement between the experimental and modeled frequencies ranges.
Blevins [17] studied the leak detection methods that involve the injection of a fluid transient into the pipeline, with the resultant transient trace analyzed in the frequency domain. Two methods of leak detection using the frequency response of the pipeline are proposed. Pedro and john [18] pointed out that as many fluids transported by pipelines are in some sense hazardous and therefore it is often necessary to install leak detection (and locating) systems. They gave a survey of methodologies, methods and techniques for leak detection and locating.
Mpesha et al. [19] studied the inverse problem of decomposing uncontrolled water flow to the unregistered consumption and the leakage in mains and water distribution networks. A mathematical model is proposed for the determination of unregistered consumption and leakage using the heads and flows at the inlet and at the outlet of the main or at some nodes of the network. Pedro et al. [20] investigated different aspects of failure management in urban water supply systems. As assets are getting older, the number of pipe failures is increasing. Therefore, an efficient failure management strategy becomes important. Koppel et al. [21] studied the use of fluid transients of the potential to provide insight into the effect of leaks and blockages in pipeline systems, and hence provide leak and blockage detection methods. They investigated a method for the detection location of leaks and blockages, using the impulse response function. Pedro et al [22] investigated leak detection methods for pipeline systems including unsteady friction, pipe roughness, and precise geometry in the absence of leaks. The impulse response function (IRF) was used as a means of leak detection. The IRF provides a unique relationship between an injected transient event and a measured pressure response from a pipeline. Transient responses of completely different shapes can be directly compared using the IRF.
Analysis
A straight supported pipe conveying a harmonically pulsating flow is considered and it is assumed that the pipe is normally horizontal. The pipe is assumed to rupture at a certain point and leakage is assumed to take place at this point.
In this work the analysis is based on three methods for supporting the pipe. In first method, the pipe is fixed by a rigid support at each end (pinned-pinned). The second fixation is assumed to be a conventional flexible support at each end (spring and damper), while in the third fixation, the pipe is assumed to be supported at each end by a Magneto-rheological damper (MR damper).
Figs. 1-3 show the layout of pipe and its supports. 
where, is the Dirac delta function, , , is the transverse pipe displacement, distance along the pipe and time, is the modulus of elasticity of pipe material, is the area moment of inertia of the pipe, is the mass per unit length of the pipe, is the mass per unit length of fluid inside the pipe, is the velocity of fluid, is the length of the pipe, is the inner cross section of the pipe and is the fluid pressure at any point along the pipe.
The assumption of unsteady flow imposes the condition that the pressure and flow velocity vary along the pipe. Eq. (1) represents the lateral inertial forces which act on the pipe. The first term is a force component acting on the pipe as a result of up curvature. The second term is a force component acting on the pipe as a result of inertia of the pipe and flow through it. The third term is the force required to rotate the fluid element at each point along the span as a result of Coriolis Effect. The fourth term is a force component acting on the pipe as a result of bending of the pipe.
The force ( , ) represents the impulse reaction force acting normal to the pipe axis which is resulting from leakage of fluid at a certain point along the pipe ( = ). The impulsive reaction force is represented by:
where, is the fluid jet velocity normal to the pipe axis and relative to the pipe which is bending away from the fluid flow at velocity ∂ ( , ) ∂ ⁄ at point of rupture ( = ), is the area of section parallel to the pipe axis's through which the fluid jet flows at rupture point, is the density of the fluid.
In many cases of practical importance, the velocity of the fluid jet substantially exceeds the velocity of pipe response so the approximation ≫ ∂ ( , ) ∂ ⁄ can be applied, and the reaction impulse force acting on pipe can be represented by:
Oscillating flow through the pipe
The flow of a fluid through the pipe is assumed to be under influence of periodic pressure gradient. This type of flow occurs for example as oscillating flow under influence of a reciprocating piston, and its theory was given by Shu et al. [24] .
It is assumed here that, the pressure gradient caused by the motion of the piston is harmonic and is given by:
Integrating Eq. (4) with respect to , the pressure along pipe length takes the form:
where, is the pressure at pipe inlet, is a constant and is the fluid pulsating frequency. Moreover, the velocity of pulsating fluid is assumed to be harmonically fluctuating and has the following form:
where, is the mean flow velocity, is the amplitude of the harmonic fluctuation (assumed small).
The velocity of fluid depends on the time while the pressure depends on the distance along the pipe and time ( , ).
To find the jet velocity of the fluid at location of leakage, Bernoulli Equation is to be applied between a point inside pipe and point on jet flow outside the pipe for unsteady flow and the following equation can be obtained:
where, ℓ is length of fluid jet flow.
By solving Eq. (7), the relation between jet flow velocity and pressure can be obtained.
MR damper model
The MR damper used for supporting the pipe is chosen according to a Spencer model [25] . The rheological structure of this model is shown in Fig. 3 .
Damping force in Spencer's model can be expressed as:
In which is the displacement of damper, is the internal displacement of damper, is the evolutionary variable that portray the hysteretic behavior of the damper, is the accumulator stiffness, and, are the viscous damping and stiffness at large velocities, is the viscous damping for force roll-off at low velocities and is the initial displacement of the spring.
, , , , are the shape parameters of the hysteresis loops. Spencer [26] showed that the upper bound of the evolutionary variable can be represented by an ultimate hysteretic strength and its value is represented by:
The parameters , , are assumed to be function of the applied voltage to the damper :
where, is the time constant, υ is the command voltage. Table 1 shows the values of the different parameters of Spencer model. The force generated by the MR damper depends on the voltage supplied to the current driver inside the damper. The value of is small relative to and the damper force is formulated as:
Eq. (16) can be put in the form:
where:
Conventional support
Since the pipe may be fixed at each end by using a conventional flexible support (spring and damper), the reaction force at each end is represented by the following formula:
where, and are the equivalent damping coefficient and spring stiffness respectively. In order to compare the damping performance of the MR damper with that of a conventional viscous damper, an equivalent damping coefficient must be determined.
The equivalent damping coefficient is obtained by equating the energy dissipated in a full cycle for conventional and MR dampers. 
Non dimensional equations
where, is the fundamental frequency of the pipe in the absence of fluid flow and is the atmospheric pressure:
Then Eq. (1) can be written in non-dimensional form as: 
Eqs. (3), (5-7) and (17) can be written in non-dimensional form as: 
Also from Eqs. (36) and (37), the following relation is obtained: * = * .
Numerical solution scheme
The numerical solution of the problem is to be carried out using the finite difference technique. Eqs. 
The pulsating velocity of fluid along the pipe before the appearance of the leakage is * and then is changed to be ( * − * ⁄ ) after leakage effect.
Boundary conditions
At both ends of the pipe different boundary conditions are applied depending on the type of support. The following boundary conditions are applied according to the type of support as shown in Figs. 1-3 .
For rigid support with (pinned-pinned) ends the non-dimensional displacement and lateral velocity at left and right support are equal to zero and the following relations are to be applied: 
where, = 1 and -1 for left and right supports respectively. The finite difference method is used to find the non-dimensional displacement of pipe at left and right ends ( * = 0, 1). As the support is changed to MR damper type the following relations are applied at pipe ends:
Numerical example
In order to check the accuracy of the numerical technique employed for the solution of the problem considered in the present study, it is validated with analytical solution introduced by M. S. Kozien [27] . The validation is made by assuming no flow inside pipe and a harmonic force is acting in the middle of the pipe with amplitude of = 10 N and two frequencies is taken into consideration = (0.25, 0.5) . The inner and outer diameters of pipe is 45 mm and 50 mm, length of pipe is 3 m, density of pipe is 2800 kg/m 3 and modulus of elasticity is 72 GPa. Figs. 4 and 5 show the displacement of a midpoint of the pipe just after the beginning of vibrations. Two methods of solution are compared, since the first one by using numerical technique used in the present work and the second method by using the analytical solution. From these figures the solution is the same but with small difference as a numerical technique or analytical solution is used. 
Dynamic response of pipe
In this section, the analysis of the dynamic response of a pipe conveying harmonically pulsating fluid is introduced. The pipe is supported at each end by the three methods mentioned earlier. The first one when the pipe is fixed by a rigid support (pinned -pinned) and the second one the support is changed to be, (conventional flexible support) while the third support is assumed to be (MR damper).
The dimensionless step size Δ * is taken equal to 0.02, the dimensionless pulsating frequency ω * is considered to change from 1 to 4. The dimensionless time intervals Δ * is taken to be 0.2 and the hole diameter from which leakage is taking place to pipe inside diameter ratio is taken equal to 0.11. Table 2 shows the main parameters used in the mathematical model. Since the flow of the fluid through the pipe is assumed to be under influence of periodic pressure difference, the amount of pulsating pressure along the pipe obviously depends on the distance along the pipe and time. Fig. 6 shows the pressure waves at different locations along the pipe ( / = 0, 0. 25, 0.5, 0.75, 1).
The pipe is subjected to a pulsating force resulting from the leakage at a certain point in the pipe. This force depends on the position of fluid leakage and the velocity and area of jet flow issuing from the pipe at point of leakage.
The history of impulse force acting on the pipe for different locations of leakage is illustrated in Fig. 7 . In this figure five positions of leakage are taken into consideration ( = 0.1, 0.3, 0.5, 0.7 and 0.9 ). Comparing the maximum value of vertical amplitude of vibrations for the three conditions, it is seen that, the maximum displacement when MR support is used is less than rigid and conventional supports. This means that using an MR damper as a support for the pipe, practically reduces the vibrations of pipes subjected to fluid leakage from any location in the pipe. Fig. 11 illustrates a time history of pipe's midpoint using three types of support. In this case the position of leakage along the pipe is for = 0.5 and dimensionless frequency of 2.
From that figure, it is evident that the difference between the three types of support is clear since, the vertical displacement of vibrating pipe decreases as MR damper is used for supporting the pipe. It can be seen from this figure that the pipe attains steady state displacement at the same time irrespective the position of leakage. The pipe gives the steady state response at time ( = 0.48 s) but with different amplitude depending on the position of leakage. However, the displacement of pipe mid-point increases with the position of leakage changing from (0.1 to 0.5) then decreases as the position of leakage changes from (0.9 to 1) .This means that, when the leakage location is close to the middle point of the pipe the amplitude of vibrations becomes larger.
It is clear from this figure that, as the leakage takes place to the right hand side end of the pipe, vibrations amplitude becomes very small and approximately diminishes. Fig. 13 shows the relationship between the maximum displacements of pipe using different supports when the location of leakage is changed from 0.1 to 0.9 . It can be seen clearly from the figure what has been inferred from Fig. 10 that when the location of leakage takes place close to pipe mid-span it increases the maximum displacement of pipe vibrations. This is besides the MR type of support providing the least maximum value. Fig. 14 , 1686 and 2249 cpm) . Comparing the results, it is seen that, as the pulsating frequency increases the amplitude of vibrating pipe decreases for both the unsteady and steady state responses. It can be seen from this figure that, as the voltage supplied to the damper increases the steady state amplitude of vibrations decreases.
A common way to detect the location of leakage along the pipe is to obtain numerically the spectrum response at point of support of the pipe and the shape of this response gives an indication about the rupture location along the pipe.
Fast Fourier Transform is applied to find the relation between the frequency and vibrations amplitude of flexible support at each end of the pipe. Fig. 16 shows a spectrum of FFT response of a pipe support as the leakage appears in three different locations along the left half of the pipe = (0.1, 0.3 and 0.5) . In this case the pipe is supported by a conventional flexible support (spring and damper) and the dimensionless frequency of pulsating fluid is 2. From this figure a transient profile is seen which allows the observer to notice the occurrence of leakage and its position along the pipe. By noting the results of this figure it clear that, when the leak occurs, FFT amplitude of the signals at support changes directly from a maximum value attained with the frequency equal to zero to oscillations their values depend on the position of leakage.
Examining the results of this figure it is found that, as the leakage position changes from 0.1 to 0.5 , FFT amplitude at zero frequency decreases from 2.8×10 -6 to 1.75×10 -6 . So that according to the spectrum response graph it is very easy to detect the leak and its position. Fig. 17 shows a spectrum FFT response for the conventional support of the pipe with the leakage appearing at three different locations in the right half of the pipe ( = 0.7, 0.9 and 1) . This with the dimensionless frequency of pulsating fluid of 2. From the results of this figure it is found that, as the leakage position changes from 0.7 to , FFT amplitude at zero frequency decreases from 1.18×10 -6 to 0.05×10 -6 . Comparing the results of Fig. 16 and Fig. 17 , it is found that, when the leakage appears at the right half of the pipe, FFT amplitude at zero frequency is less than that for the case of leakage appearing at the left half of the pipe.
Also when the leakage appears at the end of pipe, FFT amplitude is 0.05×10 -6 at zero frequency and then diminishes irrespective of the value of frequency. Fig. 18 shows FFT response for conventional support of normal pipe (no leakage). It is found from this figure that, FFT response of pipe for no leakage is very small as compared with the case of existing leakage along the pipe. To detect the leakage along the pipe when the support of pipe is MR damper, the signal created at this support is converted to FFT spectrum. Fig. 19 shows a spectrum FFT response of MR support as the leakage appears at three different locations at the left half of the pipe ( = 0.1, 0.3 0.5 ) with dimensionless frequency of pulsating fluid of 2.
From this figure a transient profile is seen which allows us to notice the occurrence of leakage and its position along the pipe.
This figure also shows the same behavior as that pointed out for the flexible support case where the values of peaks of oscillations depend on the position of leakage. It is found also that, when the frequency is larger than 20 Hz. the peaks diminish irrespective to the position of leakage.
Examination of the results of this graph it is found that, as the leakage position changes from 0.1 to 0.5 the FFT amplitude decreases from 8.8×10 -5 to 6.8×10 -5 . So that according to the spectrum response graph it is also very easy to detect the leak and its position as for the case of flexible support mentioned earlier. Fig. 20 shows also the relation between frequency and FFT amplitude while the leakage appears in right half of the pipe ( = 0.7, 0.9 and ).
Comparing the results of Fig. 19 and Fig. 20 , it is found that, when the leakage appears in the right half of the pipe, FFT amplitude at zero frequency is less than that for the case appearing at the left half of the pipe. Also when the leakage appears at the right end of pipe, FFT amplitude has a smallest value at zero frequency. In industrial applications the diameter of pipes conveying fluid is a main factor affecting the vibrations of pipe subjected to leakage at a certain point. So detection of the leakage and its position for different diameters of pipe is important to be examined. Fig. 22 shows the relation between pipe diameter and maximum FFT amplitude which is indicated at zero frequency for different positions of leakage. In this case the pipe is supported by a flexible support. According to this figure and graph of FFT spectrum it is easy to detect the position of leakage numerically for different sizes of pipe. Fig. 23 shows the same concept but when the pipe is supported by an MR damper. 2) Increasing the voltage input to MR support decreases the amplitude of vibrations acting on the pipe.
3) As the leakage location changes from left support to the midpoint of the pipe the vibrating response increases and then decreases as the leakage location changes from the midpoint to the right support.
4) Using MR Damper as support for pipe conveying pulsating flow is suitable to decrease the vibrations resulting from leakage at a certain point in the pipeline 5) When the pipe is supported by a conventional flexible support, a graph of FFT spectrum for response of a point supporting the pipe gives an indication for the leakage and its position since, as the frequency changes from zero to 80 Hz the spectrum fluctuates with different amplitudes its value depends on the position of leakage along the pipe. 6) When the pipe is supported by MR support, a graph of FFT spectrum for response similar to that of conventional flexible support case gives the same indication of leakage and its position in the frequency range from zero to 50 Hz. 7) As the value of pulsating frequency increases the amplitude of vibrations attained by pipe decreases.
8) A flow chart is constructed to show the FFT amplitude for different diameters of pipe when it is supported by conventional or MR support. This chart can be used to detect the leakage position for different pipe diameters.
